Abstract. We prove the Q-factoriality of a nodal hypersurface in P 4 of degree n with at most
ramified in a sextic or quartic surface is non-rational (see [39] , [67] , [68] , [69] , [20] ), but there are rational nodal ones (see [51] , [17] ).
The simplest examples of nodal 3-folds are nodal hypersurfaces in P 4 and double covers of P 3 branched over a nodal surfaces. The latter are called double solids. These 3-folds were studied in [19] , [63] , [76] , [32] , [33] , [28] , [8] , [66] , [54] , [24] , [25] , [26] , [52] , [18] , [17] .
For a given nodal 3-fold, it is one of substantial questions whether it is Q-factorial 2 or not. This global topological property has very simple geometrical description. Namely, a three-dimensional ordinary double point admits two small resolutions that differs by a simple flop (see [44] , [76] , [47] ). In particular, a nodal 3-fold with k nodes has 2 k small resolutions. Therefore the Q-factoriality of a nodal 3-fold implies that it has no projective small resolutions.
Remark 1. The Q-factoriality of a nodal 3-fold imposes a very strong geometrical restriction on its birational geometry. For example, Q-factorial nodal quartic 3-folds and nodal sextic double solids are non-rational (see [52] , [17] ). On the other hand, there are rational non-Q-factorial nodal quartic 3-folds and nodal sextic double solids (see [54] , [30] , [17] ).
Conjecture 9. The inequalities |Sing(X)| < (2r − 1)r and |Sing(V )| < (n − 1) 2 imply the Q-factoriality of the 3-folds X and V respectively.
The claim of Conjecture 9 is proved for r ≤ 3 and n ≤ 4 (see [33] , [17] , [15] ). Unfortunately, we are unable to prove Conjecture 9 in any other case. However, for every given r and n we always can slightly improve the bounds in Theorem 3 and 4. For example, we prove the following result.
Proposition 10. Let r = 4 and n = 5, i.e. X and V are nodal Calabi-Yau 3-folds, and suppose that |Sing(X)| ≤ 25 and |Sing(V )| ≤ 14. Then X and V are Q-factorial.
The following result is proved in [18] .
Theorem 11. Suppose that the subset Sing(V ) ⊂ P 4 is a set-theoretic intersection of hypersurfaces of degree l < . Then V is Q-factorial.
The saturated ideal of a set of k points in general position in P 4 is generated by polynomials of degree at most n 4 when k < (n − 1) 2 and n > 72 by [35] . Therefore, Theorem 11 implies the Q-factoriality of the 3-fold V having less than 1 2 (n − 1)
2 nodes in additional assumption that the nodes are in general position in P 4 . However, the latter generality condition implicitly assumes that the nodes of V impose independent linear conditions on homogeneous forms of degree 2n − 5 (see [35] ), which implies the Q-factoriality of the 3-fold V due to Proposition 2. We prove the following generalization of Theorem 11.
Theorem 12.
Let H ⊂ |O P 3 (k)| and D ⊂ |O P 4 (l)| be linear subsystems of hypersurfaces vanishing at Sing(S) and Sing(V ) respectively. PutĤ = H| S andD = D| V . Suppose that inequalities k < r and l < n 2 hold. Then dim(Bs(Ĥ)) = 0 implies the Q-factoriality of the 3-fold X, and dim(Bs(D)) = 0 implies the Q-factoriality of the 3-fold V .
Corollary 13. Suppose Sing(S) ⊂ P 3 and Sing(V ) ⊂ P 4 are set-theoretic intersections of hypersurfaces of degree k < r and l < n 2 respectively. Then X and V are Q-factorial.
From the point of view of birational geometry the most important application of Theorems 3 and 4 is the Q-factoriality condition for a nodal quartic 3-fold and a sextic double solid, i.e. the cases r = 3 and n = 4 respectively, because in these cases the Q-factoriality implies the non-rationality (see [52] , [17] ). However, it is possible to apply Theorems 3 and 4 to certain higher-dimensional problems in birational algebraic geometry. Theorem 14. Let τ : U → P s be a double cover branched over a hypersurface F of degree 2r and D be a hyperplane in P s such that D 1 ∩ · · · ∩ D s−3 is a Q-factorial nodal 3-fold, where D i is a general divisor in |τ * (D)|. Then Cl(U) and Pic(U) are generated by τ * (D).
Theorem 15. Let W ⊂ P r be a hypersurface of degree n such that H 1 ∩ · · · ∩ H r−4 is a Q-factorial nodal 3-fold, where H i is a general enough hyperplane section of W . Then the groups Cl(W ) and Pic(W ) are generated by the class of a hyperplane section of W ⊂ P r .
A priori Theorems 14 and 15 can be used to prove the non-rationality of certain singular hypersurfaces of degree r in P r and double covers of P s branched over singular hypersurfaces of degree 2s (see [55] , [57] , [58] , [12] , [60] , [31] , [16] ). However, in the former case the problem can be very hard in general, but in the latter case the application of Theorems 14 can be very effective. For example, we prove the following result.
Proposition 16. Let ξ : Y → P 4 be a double cover branched over a hypersurface F ⊂ P It is natural to ask how many nodes can X and V have? The best known upper bounds are due to [71] . Namely, |Sing(X)| ≤ A 3 (2r) and |Sing(V )| ≤ A 4 (n), where A i (j) is a number of points (a 1 , . . . , a i ) ⊂ Z i such that
and all a t ∈ (0, j). Hence, |Sing(X)| does not exceed 68, 180 and 375 when r = 3, 4 and 5 respectively, and |Sing(V )| does not exceed 45, 135 and 320 when n = 4, 5 and 6 respectively. In the case n = 4 this bound is sharp (see [34] ). Moreover, there is only one nodal quartic 3-fold with 45 nodes (see [41] ), so-called Burkhardt quartic, which is rational and determinantal (see [54] ). In the case r = 3 there is a better bound |Sing(X)| ≤ 65 which is sharp (see [64] , [10] , [4] , [38] , [75] ). In the case n = 5 there are no known examples of nodal quntic hypersurfaces in P 4 with more than 130 nodes (see [66] ).
Preliminaries.
Let X be a variety and B X be a bounadry
, where B i is a prime divisor on X and a i ∈ Q. Basic notions, notations and results related to the log pair (X, B X ) are contained in [46] , [50] , [48] . The log pair (X, B X ) is called movable when every component B i is a linear system on X without fixed components. Basic properties of movable log pairs are described in [1] , [22] , [23] , [59] , [11] , [13] . In the following we assume that K X and B X are Q-Cartier divisors.
3 Namely, the 4-fold Y is a unique Mori fibration birational to Y (see [23] ). 4 Usually boundaries are assumed to be effective (see [46] ), but we do not assume this.
Definition 18. A log pair (V, B
V ) is called a log pull back of the log pair (X, B X ) with respect to a birational morphism f :
where E i is an f -exceptional divisor and a(X, B X , E i ) ∈ Q. The number a(X, B X , E i ) is called a discrepancy of the log pair (X, B X ) in the f -exceptional divisor E i .
Definition 19.
A birational morphism f : V → X is called a log resolution of the log pair (X, B X ) if the variety V is smooth and the union of all proper transforms of the divisors B i and all f -exceptional divisors forms a divisor with simple normal crossing.
Definition 20. A proper irreducible subvariety Y ⊂ X is called a center of log canonical singularities of the log pair (X, B X ) if there are a birational morphism f : V → X together with a not necessary f -exceptional divisor E ⊂ V such that E is contained in the support of the effective part of the divisor ⌊B V ⌋ and f (E) = Y . The set of all the centers of log canonical singularities of the log pair (X, B X ) is denoted by LCS(X, B X ).
Definition 21. For a log resolution f : V → X of (X, B X ) the subscheme L(X, B X ) associated to the ideal sheaf I(X,
is called a log canonical singularity subscheme of the log pair (X, B X ).
The support of the log canonical singularity subscheme L(X, B X ) is a union of all elements in the set LCS(X, B X ). The following result is due to [65] (see [50] , [2] , [13] ).
Theorem 22. Suppose that B X is effective and for some nef and big divisor H on X the divisor
Proof. Let f : W → X be a log resolution of (X, B X ). Then for i > 0
by the relative Kawamata-Viehweg vanishing (see [43] , [73] ). The equality
and the degeneration of local-to-global spectral sequence imply that for all i
Consider the following application of Theorem 22 (cf. [29] , [45] ).
Lemma 23. Let Σ ⊂ P n be a finite subset, M be a linear system of hypersurfaces of degree k passing through all points of the set Σ. Suppose that the base locus of the linear system M is zero-dimensional. Then the points of the set Σ impose independent linear conditions on the homogeneous forms on P n of degree n(k − 1).
Proof. Let Λ ⊂ P n be a base locus of the linear system M. Then Σ ⊆ Λ and Λ is a finite subset in P n . Now consider sufficiently general different divisors H 1 , . . . , H s in the linear system M for s ≫ 0. Let X = P n and
To prove the claim it is enough to prove that for every point P ∈ Σ there is a hypersurface in P n of degree n(k − 1) that passes through all the points in the set Σ \ P and does not pass through the point P . Let Σ \ P = {P 1 , . . . , P k }, where P i is a point of X = P n , and let f : V → X be a blow up at the points of Σ \ P . Then
where
and H is a hyperplane in P n . By construction
andP is an isolated center of log canonical singularities of the log pair (V,B V ), because in the neighborhood of the point P the birational morphism f : V → X is an isomorphism. On the other hand, the map
is surjective by Theorem 22. However, in the neighborhood of the pointP the support of the subscheme L(V,B V ) consists just of the pointP . The latter implies the existence of a divisor D ∈ |f
is a hypersurface in P n of degree n(k − 1) that passes through the points of Σ \ P and does not pass through the point P ∈ Σ.
Actually, the proof of Lemma 23 implies Theorem 12.
Proof of Theorem 12. We have a double cover π : X → P 3 branched over a nodal hypersurface S ⊂ P 3 of degree 2r, a linear subsystem H ⊂ |O P 3 (k)| of hypersurfaces vanishing at the points of the set Sing(S) for k < r, a nodal hypersurface V ⊂ P 4 of degree n, a linear subsystem D ⊂ |O P 4 (l)| of hypersurfaces vanishing at Sing(V ) for l < n 2 , and dim(Bs(Ĥ)) = dim(Bs(D)) = 0, whereĤ = H| S andD = D| V . Due to Proposition 2 we must show that the nodes of the surface S ⊂ P 3 and the nodes of the hypersurface X ⊂ P 4 impose independent linear conditions on homogeneous forms of degree 3r − 4 and 2n − 5 respectively.
Suppose that the stronger condition dim(Bs(H)) = dim(Bs(D)) = 0 holds, which is enough for Corollary 13. Then Lemma 23 immediately implies that the nodes of S and the nodes of X impose independent linear conditions on homogeneous forms of degree 3r − 4 and 2n − 5 respectively. In the general case we can repeat the proof of Lemma 23 interchanging the boundary Theorem 24. Let g : X → Z be a contraction such that g * (O X ) = O Z , h : V → X be a log resolution of the log pair (X, B X ). Suppose the divisor −(K X + B X ) is g-nef and g-big, and codim(g(B i ) ⊂ Z) ≥ 2 whenever a i < 0. Define a E ∈ Q by means of the equivalence
where E ⊂ V is a not necessary h-exceptional divisor. Then the locus ∪ a E ≤−1 E is connected in a neighborhood of every fiber of the morphism g • h.
The following result is a corollary of Theorem 24 (see Theorem 17.6 in [50] ).
Theorem 25. Suppose that B X is effective and ⌊B X ⌋ = ∅. Let S ⊂ X be an effective irreducible divisor such that the divisor K X + S + B X is Q-Cartier. Then (X, S + B X ) is purely log terminal if and only if (S, Diff S (B X )) is Kawamata log terminal.
Definition 26.
A proper irreducible subvariety Y ⊂ X is called a center of canonical singularities of (X, B X ) if there is a birational morphism f : W → X and an f -exceptional divisor E ⊂ W such that the discrepancy a(X, B X , E) ≤ 0 and f (E) = Y . The set of all centers of canonical singularities of the log pair (X, B X ) is denoted by CS(X, B X ).
Corollary 27. Let H be an effective Cartier divisor on X and Z ∈ CS(X, B X ), suppose that X and H are smooth in the generic point of Z, Z ⊂ H, H ⊂ Supp(B X ) and B X is an effective boundary. Then LCS(H,
The following result is Corollary 7.3 in [59] , which holds even over fields of positive characteristic and implicitly goes back to [40] (see [22] , [23] , [42] ).
Theorem 28. Suppose that X is smooth, dim(X) ≥ 3, the boundary B X is effective and movable, and the set CS(X, M X ) contains a closed point O ∈ X. Then mult O (B The following result is an easy modification of Theorem 29.
Proposition 30. Suppose that dim(X) = 3, B X is effective, and the set CS(X, B X ) contains an isolated singular point O of the variety X, which is locally isomorphic to the singularity
i . Let f : W → X be a blow up of O and mult O (B X ) be a rational number defined by means of the equivalence
Proof. The 3-fold W is smooth, E is isomorphic to a cone in P 3 over a smooth conic, the restriction −E| E is rationally equivalent to a hyperplane section of E ⊂ P 3 , and
. Then there is a proper irreducible subvariety Z ⊂ E such that Z ∈ CS(W, B W ). Hence, LCS(E, B W | E ) = ∅ by Theorem 25.
Let B E = B W | E . Then LCS(E, B E ) does not contains curves on E, because otherwise the intersection of B E with the ruling of E is greater than 1 2 , which is impossible due to our assumption mult O (B X ) < . Therefore, dim(Supp(L(E, B E ))) = 0. Let H be a hyperplane of E ⊂ P 3 . Then
On the other hand, Theorem 22 implies surjectivity
which is a contradiction.
The following result is due to [22] (see [59] , [13] ).
Theorem 31. Let X be a Fano variety with Pic(X) ∼ = Z with terminal Q-factorial singularities such that either X is not birationally rigid or Bir(X) = Aut(X). Then there are a linear system M on X having no fixed components and µ ∈ Q >0 such that the singularities of the movable log pair (X, µM) are not canonical and µM
The following result is proved in [6] using the vanishing theorem for 2-connected divisors on algebraic surfaces in [61] in a way similar to [7] and [72] .
, where d ≥ 3 is a natural number. Then the linear system |π
Corollary 33. Let Σ ⊂ P 2 be a finite subset such that the inequality |Σ| ≤
, where d ≥ 3 is a natural number. Then for every point P ∈ Σ there is a curve C ⊂ P 2 of degree d that passes through all the points in Σ \ P and does not pass through the point P .
In the case d = 3 the claim of Theorem 32 is nothing but the freeness of the anticanonical linear system of a weak del Pezzo surface of degree 9 − s ≥ 2 (see [27] ).
Double solids.
In this section we prove Theorem 3. Let π : X → P 3 be a double cover branched over a nodal hypersurface S ⊂ P 3 of degree 2r such that |Sing(S)| ≤ (2r−1)r 3
. We must show that the nodes of S ⊂ P 3 impose independent linear conditions on homogeneous forms of degree 3r − 4 on P 3 due to Proposition 2 and Remark 5. Moreover, we may assume r ≥ 3, because in the case r ≤ 2 the required claim is trivial.
Definition 34. The points of a subset Γ ⊂ P s satisfy the property ∇ if at most k(2r − 1) points of the set Γ can lie on a curve in P s of degree k ∈ N.
Proposition 35. The points of the subset Σ ⊂ P 3 satisfy the property ∇.
Proof. Let L ⊂ P 3 be a line and Π ⊂ P 3 be a sufficiently general hyperplane passing through the line L. Then Π ⊂ S and Π ∩ S = L ∪ Z, where Z ⊂ Π is a plane curve of degree 2r − 1. Moreover, we have
but |L ∩ Z| ≤ 2r − 1. Thus, at most 2r − 1 points of Σ can lie on a line.
Let C ⊂ P 3 be a curve of degree k > 1. We must show that at most k(2r − 1) points of Σ can lie on C. We may assume that C is irreducible and reduced. Consider a general cone Y ⊂ P 3 over the curve C. Then Y ⊂ S and Y ∩ S = C ∪ R, where R is an irreducible reduced curve of degree k(2r − 1). As above we have the inclusion
but in the set-theoretic sense |C ∩ R| ≤ (2r − 1)k. Hence, at most k(2r − 1) points of the subset Σ ⊂ P 3 can lie on the irreducible reduced curve C ⊂ P 3 of degree k.
Fix a point P ∈ Σ. To prove that the points of Σ ⊂ P 3 impose independent linear conditions on homogeneous forms of degree 3r −4 it is enough to construct a hypersurface in P 3 of degree 3r − 4 that passes through Σ \ P and does not pass through P ∈ Σ.
Lemma 36. Suppose Σ ⊂ Π for some hyperplane Π ⊂ P 3 . Then there is a hypersurface in P 3 of degree 3r − 4 that passes through Σ \ P and does not pass through P ∈ Σ.
Proof. Let us apply Corollary 33 to Σ ⊂ Π and d = 3r − 4 ≥ 5. We must check that all the conditions of Corollary 33 are satisfied, which is easy but not obvious. First of all . The case k = 1 is already done. Moreover, at most k(2r − 1) points of the set Σ can lie on a curve of degree k by Proposition 35. Thus, we must show that
. Moreover, we must prove the latter inequality only for such k > 1 that the inequality k(3r −1−k)−2 < |Σ| holds, because otherwise the corresponding condition on the points of the set Σ is vacuous. Moreover, we have
Suppose that the inequality r ≤ k holds for some natural number k such that k ≤ 3r−1 2
and k(3r
. Thus, we have g(k) ≥ g(r), because
which is impossible when r ≥ 3. Therefore, there is a curve C ⊂ Π of degree 3r − 4 that passes trough Σ \ P and does not pass through P by Corollary 33. Let Y ⊂ P 3 be a sufficiently general cone over the curve C ⊂ Π ∼ = P 2 . Then Y ⊂ P 3 is a hypersurface of degree 3r − 4 that passes through all the points of the set Σ \ P and does not pass through the point P ∈ Σ.
Take a sufficiently general hyperplane Π ⊂ P 3 . Let ψ :
Lemma 37. Suppose that the points of Σ ′ ⊂ Π satisfy the property ∇. Then there is a hypersurface in P 3 of degree 3r − 4 containing Σ \ P and not passing through P .
Proof. The proof of the claim of Lemma 36 implies the existence of a curve C ⊂ Π of degree 3r − 4 that passes through Σ ′ \P and does not pass throughP . Let Y ⊂ P 3 be a cone over the curve C with the vertex O. Then Y ⊂ P 3 is a hypersurface of degree 3r − 4 that passes through Σ \ P and does not pass through the point P ∈ Σ.
It seems to us that the points of the subset Σ ′ ⊂ Π always satisfy the property ∇ due to the generality in the choice of the projection ψ : P 3 Π. Unfortunately, we are unable to prove it. Hence, we may assume that the points of the subset Σ ′ ⊂ Π ∼ = P 2 do not satisfy the property ∇. Let us clarify this assumption.
Definition 38. The points of a subset Γ ⊂ P s satisfy the property ∇ k if at most i(2r − 1) points of the set Γ can lie on a curve in P s of degree i ∈ N for all i ≤ k.
Therefore, there is a smallest k ∈ N such that the points of Σ ′ ⊂ Π do not satisfy the property ∇ k . Namely, there is a subset Λ
and all the points of the setΛ
lie on a curve C ⊂ Π of degree k. Moreover, the curve C is irreducible and reduced due to the minimality of k. In the case when the points of the subset
and all the points of the setΛ 2 k = ψ(Λ 2 k ) lie on an irreducible curve of degree k. Thus, we can iterate this construction c k times and get c k > 0 disjoint subsets
, all the points of the subsetΛ
′ lie on an irreducible reduced curve on Π of degree k, and all the points of the subset
satisfy the property ∇ k . Now we can repeat this construction for the property ∇ k+1 and find c k+1 ≥ 0 disjoint subsets
on an irreducible reduced curve on Π of degree k + 1, and the points of the subset
satisfy the property ∇ k+1 . Now we can iterate this construction for ∇ k+2 , . . . , ∇ l and get disjoint subsets Λ
, all the points of the subsetΛ Proof. By the construction of the set Λ i j all the points of the subset
lie on an irreducible reduced curve C ⊂ Π of degree j. Let Y ⊂ P 3 be a cone over C with the vertex O. Then Y is a hypersurface in P 3 of degree j that contains all the points of the set Λ Proof. The inequality
holds.
Proof. By construction |Σ| < (2r−1) 3 (r − 3 l i=k ic i ). Thus, we must show that
where c k ≥ 1 and l i=k 3ic i < r. However, we have
and (2r − 4 + 3c k ) 2 + 9(2r − 4 + 3c k ) + 10 ≥ (2r − 1) 2 + 9(2r − 1) + 10 = 4r 2 + 14r + 2, which implies 4r 2 + 14r + 2 > 4r 2 − 2r > 2(2r − 1)(r − 3 l i=k ic i ). Lemma 50. At most d of the points of the subsetΣ ⊂ P 2 lie on a line in P 2 .
Proof. The points of the subsetΣ ⊂ P 2 satisfy the property ∇. In particular, no more than 2r − 1 of the points ofΣ lie on a line in P 2 . On the other hand, we have
which implies the claim.
Proof. We may assume that k > 1 due to Lemma 50. The points of the subsetΣ ⊂ P 2 satisfy the property ∇. Thus, at most (2r − 1)k of the points ofΣ lie on a curve in P 2 of degree k. Therefore, to conclude the proof it is enough to show that the inequality
. Moreover, it is enough to prove the latter inequality only for such natural number k > 1 that the inequality k(d + 3 − k) − 2 < |Σ| holds, because otherwise the corresponding condition on the points of the setΣ is vacuous. Now we have
We may assume that the inequalities r −
. Thus, we have
which is contradiction.
Therefore, we can apply Theorem 32 to the blow up of the hyperplane Π at the points of the setΣ \P ⊂ Π due to Lemmas 48, 49 and 51. The application of Theorem 32 gives a curve C ⊂ Π ∼ = P 2 of degree 3r − 4 − l i=k 3(i − 1)c i that passes trough all the points of the setΣ \P and does not pass through the pointP = ψ(P ). It should be pointed out that the subsetΣ ⊂ Σ ′ may not containP ∈ Σ ′ . Namely,P ∈Σ if and only if P ∈Σ. Let G ⊂ P 3 be a cone over the curve C with the vertex O, where O ∈ P 3 is the center of the projection ψ : P 3 Π. Then G is a hypersurface of degree 3r − 4 − l i=k 3(i − 1)c i that passes through the points ofΣ \ P and does not pass through P . On the other hand, we already have the hypersurface F ⊂ P 3 of degree l i=k 3(i − 1)c i that passes through the points ofΣ \ P and does not pass through P . Therefore, F ∪ G ⊂ P 3 is a hypersurface of degree 3r − 4 that passes through all the points of the set Σ \ P and does not pass through the point P ∈ Σ. Hence, we proved Theorem 3.
Hypersurfaces in P
4 .
In this section we prove Theorem 4. Let V ⊂ P 4 be a nodal hypersurface of degree n such that |Sing(V )| ≤ (n−1) 2 4
. In order to prove Theorem 4 it is enough to show that the nodes of the hypersurface V impose independent linear conditions on homogeneous forms of degree 2n − 5 on P 4 due to Proposition 2 and Remark 5. Moreover, we always may assume that n ≥ 4, because in the case n ≤ 3 the required claim is trivial.
Definition 52. The points of a subset Γ ⊂ P r satisfy the property ⋆ if at most k(n − 1) points of the set Γ can lie on a curve in P r of degree k ∈ N.
Let Σ = Sing(V ) ⊂ P 4 .
Proposition 53. The points of the subset Σ ⊂ P 4 satisfy the property ⋆.
Proof. Let C ⊂ P 4 be an irreducible and reduced curve of degree k. Consider a general cone Y ⊂ P 4 over the curve C. Then Y ⊂ V and Y ∩V = C ∪Z, where Z is an irreducible reduced curve of degree k(n − 1). Moreover, we have the inclusion
but in the set-theoretic sense |C ∩ Z| ≤ k(n − 1). Hence, at most k(n − 1) points of the subset Σ ⊂ P 4 can lie on the curve C ⊂ P 4 of degree k. The latter implies the claim.
Fix a point P ∈ Σ. To prove that the points of Σ ⊂ P 4 impose independent linear conditions on homogeneous forms on P 4 of degree 2n − 5 it is enough to construct a hypersurface in P 4 of degree 2n − 5 that passes through the points of the set Σ \ P and does not pass through the point P ∈ Σ.
Lemma 54. Suppose that the subset Σ ⊂ P 4 is contained in some two-dimensional linear subspace Π ⊂ P 4 . Then there is a hypersurface in P 4 of degree 2n − 5 that passes through the points of the set Σ \ P and does not pass through the point P ∈ Σ. Now we must prove that at most k(2n − 2 − k) − 2 points of Σ can lie on a curve of degree k ≤ n − 1. The case k = 1 is already done. Moreover, at most k(n − 1) points of the set Σ can lie on a curve of degree k by Proposition 53. Thus, we must show that
for all k ≤ n − 1. Moreover, we must prove the latter inequality only for such k > 1 that the inequality k(2n − 2 − k) − 2 < |Σ| holds, because otherwise the corresponding condition on the points of the set Σ is vacuous. Moreover,
because k > 1. So, we may assume that k = n − 1, but in this case
Therefore, there is a curve C ⊂ Π of degree 2n − 5 that passes trough Σ \ P and does not pass through P by Corollary 33. Let Y ⊂ P 4 be a three-dimensional cone over C with the vertex in a general line in P 4 . Then Y ⊂ P 4 is a hypersurface of degree 2n − 5 that passes through the points of Σ \ P and does not pass through the point P ∈ Σ.
Fix a general two-dimensional linear subspace Π ⊂ P 4 . Let ψ :
Lemma 55. Suppose that the points in Σ ′ ⊂ Π satisfy the property ⋆. Then there is a hypersurface in P 4 of degree 2n − 5 containing Σ \ P and not passing through P ∈ Σ.
Proof. The proof of Lemma 54 implies the existence of a curve C ⊂ Π of degree 2n−5 that passes trough Σ ′ \P and does not pass throughP . Let Y ⊂ P 4 be a three-dimensional cone over the curve C with the vertex L ⊂ P 4 . Then Y ⊂ P 4 is the required hypersurface.
Remark 56. It seems to us that the points of the set Σ ′ ⊂ Π ∼ = P 2 always satisfy the property ⋆ due to the generality in the choice of the projection ψ : P 4 Π, but we fail to prove it. In the case when Σ ′ ⊂ Π ∼ = P 2 satisfy the property ⋆ the proof of Lemma 55 implies a stronger result than Theorem 4.
We may assume that the points of Σ ′ ⊂ Π ∼ = P 2 do not satisfy the property ⋆ and, in particular, there is a subset Λ
lie on a curve C ⊂ Π of degree k. We always may choose k to be the smallest natural number having such a property. The latter implies that the curve C ⊂ Π is irreducible and reduced. We can iterate the construction of the subset Λ 
Corollary 57. The inequality
In particular, Λ Lemma 60. Suppose thatΣ = ∅. Then there is a hypersurface in P 4 of degree 2n − 5 containing all the points of the set Σ \ P and not containing the point P ∈ Σ.
Proof. The points of the set Ξ i j impose independent linear conditions on the homogeneous forms on P 4 of degree 4(j − 1). Therefore, for every Ξ i j = ∅ containing P there is a hypersurface in P 4 of degree 4(j − 1) that passes through the points of the set Ξ i j \ P and does not pass through the point P . On the other hand, for every set Ξ holds.
Proof. Suppose that |Σ| >
. Then
because B ≥ c k ≥ 1. Thus, for n ≥ 4 we have
by Corollary 57.
Lemma 64. At most d of the points of the subsetΣ ⊂ P 2 lie on a line in P 2 .
Proof. The points of the subsetΣ ⊂ P 2 satisfy the property ⋆. In particular, no more than n − 1 of the points ofΣ lie on a line in P 2 . On the other hand, we have
due to Corollary 57, which implies the claim.
Proof. We may assume that k > 1 due to Lemma 64. The points of the subsetΣ ⊂ P 2 satisfy the property ⋆. Thus, at most k(n − 1) of the points ofΣ lie on a curve in P 2 of degree k. Therefore, to conclude the proof it is enough to show that the inequality
. Moreover, it is enough to prove the latter inequality only for such natural numbers k > 1 that the inequality k(d + 3 − k) − 2 < |Σ| holds, because otherwise the corresponding condition on the points of the setΣ is vacuous. Now we have
Thus, we may assume that the inequalities
holds. Therefore, we have
Therefore, we can apply Theorem 32 to the blow up of the two-dimensional linear subspace Π ⊂ P 4 at the points ofΣ \P ⊂ Π due to Lemmas 62, 63 and 65. The latter gives a curve C ⊂ Π of degree 2n − 5 − l i=k 4(i − 1)c i that passes through all the points of the subsetΣ \P ⊂ Π ∼ = P 2 and does not pass through the pointP ⊂ Σ ′ . Let G ⊂ P 4 be a cone over the curve C with the vertex L ⊂ P 4 , where L is a center of the projection ψ : P 4 Π. Then G ⊂ P 4 is a hypersurface of degree 2n − 5 − l i=k 4(i − 1)c i that passes throughΣ \ P and does not pass through P . However, we already have the hypersurface F ⊂ P 4 of degree l i=k 4(i − 1)c i that passes throughΣ \ P and does not pass through P . Therefore, F ∪ G ⊂ P 4 is a hypersurface of degree 2n − 5 that passes through Σ \ P and does not pass through P ∈ Σ. Thus, Theorem 4 is proved.
Calabi-Yau 3-folds.
In this section we prove Proposition 10. Let π : X → P 3 be a double cover branched over a nodal hypersurface S ⊂ P 3 of degree 8 such that |Sing(S)| ≤ 25, and V ⊂ P 4 be a nodal hypersurface of degree 5 such that |Sing(V )| ≤ 14. Due to Proposition 2 it is enough to prove that the nodes of the surface S ⊂ P 3 impose independent linear conditions on homogeneous forms of degree 8 on P 3 and the nodes of the hypersurface V ⊂ P 4 impose independent linear conditions on homogeneous forms of degree 5 on P 4 . Let Σ = Sing(S) ⊂ P 3 and Λ = Sing(V ) ⊂ P 4 .
Lemma 66. No more than 7k points of the subset Σ ⊂ P 3 and no more than 4k points of the subset Λ ⊂ P 4 can lie on a curve of degree k = 1, 2, 3.
Proof. See the proof of Propositions 35 and 53.
Fix a point P ∈ Σ and a point Q ∈ Λ. To prove the claim of Proposition 10 we must construct a hypersurface in P 3 of degree 8 that passes through the points of Σ\P and does not pass through the point P and a hypersurface in P 4 of degree 5 that passes through the points of the set Λ \ Q and does not pass through the point Q.
Take a general two-dimensional linear subspaces Π ⊂ P 3 and Ω ⊂ P 4 . Let ψ : P 3 Π be a projection from a general point P ∈ P 3 , and ξ :
Lemma 67. No more than 7 points of the subset Σ ′ ⊂ Π and no more than 5 points of the subset Λ ′ ⊂ Ω can lie on a line.
Proof. Suppose there is subset Θ ⊂ Σ such that |Θ| > 7 and the points of ψ(Θ) ⊂ Σ ′ are contained in a line. Let H be a linear system of hyperplanes in P 3 passing through the points of Θ. Then the base locus of H is zero-dimensional by Lemma 42. The latter is possible only when |Θ| = 1, which is a contradiction.
Suppose there is subset Φ ⊂ Λ such that |Λ| > 5 and the points of ξ(Φ) ⊂ Λ ′ are contained in a line. Let D be a linear system of hyperplanes in P 4 passing through the points of Φ. Then the base locus of D is zero-dimensional by Lemma 58. The latter is possible only when |Φ| = 1, which is a contradiction.
Lemma 68. No more than 14 points of the subset Σ ′ ⊂ Π and no more than 10 points of the subset Λ ′ ⊂ Ω can lie on a conic.
Proof. Suppose there is subset Θ ⊂ Σ such that |Θ| > 14 and the points of ψ(Θ) are contained in a conic C ⊂ Π ∼ = P 2 . Then C is irreducible due to Lemma 67. Let H be a linear system of quadrics in P 3 passing through the points of Θ. Then the base locus of the linear system H is zero-dimensional by Lemma 42. Take a cone Y ⊂ P 3 over C with the vertex O. Then Θ ⊂ Y , Θ ⊂ Bs(H| Y ) and the linear system H| Y is free from base components. Let H 1 and H 2 be general enough curves in H| Y . Then H i is contained in the smooth locus of the cone Y and on the surface Y we have
Let Φ ⊂ Λ be a subset such that |Φ| > 10. Consider the projection ξ as a composition of a projection α : P 4 P 3 from some point A ∈ L and a projection β : P
3
Ω from the point B = α(L). The generality in the choice of the line L implies the generality of the projections α and β. We claim that the points of the sets α(Φ) and ξ(Φ) do not lie on a conic in P 3 and Ω ∼ = P 2 respectively. Suppose that the points of α(Φ) lie on a conic C ⊂ P 3 . Then conic C is irreducible due to Lemma 67. Let D be a linear system of quadric hypersurfaces in P 4 passing through the points of Φ. The proof of Lemma 58 implies that the base locus of D is zero-dimensional, because the points of Φ ⊂ P 4 do not lie on a conic in P 4 . Take a cone W ⊂ P 4 over the conic C with the vertex A. Then Φ ⊂ W . Moreover, we have
and D| W has no base components. Let D 1 and D 2 be general curves in D| W . Then
which is a contradiction. Therefore, the points of α(Φ) do not lie on a conic in P 3 . Suppose that the points of ξ(Φ) lie on a conic C ⊂ Π ∼ = P 3 . Then conic C is irreducible due to Lemma 67. Let B be a linear system of quadrics in P 3 passing through the points of the set α(Φ). The proof of Lemma 58 implies that the base locus of B is zero-dimensional, because the points of α(Φ) do not lie on a conic. Take a cone U ⊂ P 3 over C with the vertex B. Then α(Φ) ⊂ U. Then α(Φ) ⊂ Bs(B| U ) and the restriction B| U has no base components. Let B 1 and B 2 be general curves in B| U . Then
Lemma 69. There is a hypersurface in P 4 of degree 5 that passes through the points of the set Λ \ Q and does not pass through the point Q ∈ Λ.
Proof. Put s = |Λ ′ \Q|. Then s ≤ 13. Let π : Y → Ω ∼ = P 2 be a blow up of the points of the set Λ ′ \Q. Then Lemmas 67 and 68 and Theorem 32 imply the freeness of the linear system |π
where E i is a π-exceptional curve. Let C ⊂ Y be a general curve in the linear system |π
⊂ Ω is a plane quintic curve passing through the points of the set Λ ′ \Q and not passing through the point Q. The cone in P 4 over π(C) with the vertex L is the required hypersurface.
Lemma 70. Suppose that at most 22 points of the subset Σ ′ ⊂ Π can lie on a cubic curve in Π ∼ = P 2 . Then there is a hypersurface in P 3 of degree 8 that passes through the points of the set Σ \ P and does not pass through the point P ∈ Σ.
Proof. Let π : Y → Π ∼ = P 2 be the blow up at the points {P 1 , . . . , P s } = Σ ′ \P for s ≤ 24 and E i = π −1 (P i ). Then Lemmas 67 and 67 and Theorem 32 imply the freeness of the linear system |π
E i | be a general enough curve. Then π(C) ⊂ Π is a plane octic curve that passes through the points of Σ ′ \P and does not pass through the pointP . Hence, the cone in P 3 over the curve π(C) ⊂ Π with the vertex O is the required hypersurface.
Lemma 71. Suppose that there is a subset Υ ⊂ Σ such that |Υ| > 22 and all the points of the set ψ(Υ) lie on a cubic curve in Π ∼ = P 2 . Then there is a hypersurface in P 3 of degree 8 that passes through the points of Σ \ P and does not pass through the point P .
Proof. Let H be a linear system of cubic hypersurfaces in P 3 passing through the points of the set Υ. Then the base locus of H is zero-dimensional by Lemma 42.
Suppose P ∈ Υ. Then there is a hypersurface F ⊂ P 3 of degree 6 that passes through the points of Υ \ P and does not pass through the point P by Lemma 23. On the other hand, the subset Σ \ Υ ⊂ P 3 contains at most 2 points. Hence, there is a quadric G ⊂ P Hence, Proposition 10 is proved. It seems to us that the bounds for nodes in Proposition 10 can be improved using the methods of [62] , [29] and [45] instead of Theorem 32.
6. Non-isolated singularities.
In this section we prove Theorems 14 and 15. Let τ : U → P s be a double cover branched over a hypersurface F of degree 2r such that D 1 ∩ · · · ∩ D s−3 is a Q-factorial nodal 3-fold, where D i is a general divisor in |τ * (O P s (1))|. Let W ⊂ P r be a hypersurface of degree n such that H 1 ∩ · · · ∩ H r−4 is a Q-factorial nodal 3-fold, where H i is a general hyperplane section of W . We may assume that s ≥ 4 and r ≥ 5. We must show that the group Cl(U) is generated by D 1 and the group Cl(W ) is generated by H 1 .
for n > 0, but we already proved that H 1 (O U (−nD)) vanishes for n ≫ 0.
Thus, the Weil divisor ∆ is rationally equivalent to zero and G ∼ kD in the case s = 4.
Suppose that s > 4. By the induction we may assume that the group Cl(D) is generated by the class of the divisor R| D , where R is a general divisor in |D|. Thus, there is an integer k such that G| D ∼ kR| D . Put ∆ = G − kR. Then the sequence of sheaves
is exact, because O U (∆) is locally free in the neighborhood of D. Therefore, the sequence
is exact. However, the proof of the Lemma 74 holds for s > 4. Thus, the cohomology group
Therefore, the Weil divisor ∆ is rationally equivalent to zero and G ∼ kD. Thus, we proved Theorem 14. We omit the proof of Theorem 15, because it is identical to the proof of the Theorem 14.
7. Birational rigidity.
In this section we prove Proposition 16. Let ξ : Y → P 4 be a double cover branched over a hypersurface F ⊂ P 4 of degree 8 such that the hypersurface F is smooth outside of a smooth curve C ⊂ F , the singularity of the hypersurface F in a sufficiently general point of the curve C is locally isomorphic to the singularity
the singularities of F in other points of C are locally isomorphic to the singularity 
Lemma 76. The subvariety Z ⊂ Y is not a singular point of Y .
Proof. Let ξ(Z) = O. Then O is a singular point of the hypersurface F ⊂ P 4 . Therefore, the point O is contained in the curve C ⊂ F by assumption. There are two possible cases, i.e. either the singularity of F in the point O is locally isomorphic to the singularity
or the singularity of F in the point O is locally isomorphic to the singularity
where x 1 = x 2 = x 3 are local equations of the curve C ⊂ F . Let us call the former case ordinary and the latter case non-ordinary. Let X be a sufficiently general divisor in the linear system | − K Y | passing through the point Z. Then the double cover ξ induces the double cover τ : X → P 3 ramified in an octic surface. The singularities of X \ Z are ordinary double points. Moreover, Z is an ordinary double point of X in the ordinary case. In the non-ordinary case the singularity of the 3-fold X at the point Z is locally isomorphic to Let D = M| X and H = −K Y | X . Then the linear system D has no fixed components and D ∼ nH. Moreover, Z ∈ LCS(X, µD) by Theorem 25. In particular, Z ∈ CS(X, µD).
Let f : V → X be a blow up of Z, E = f −1 (Z) and H be a proper transform of the linear system D on V . Then V is smooth in the neighborhood of E and E is isomorphic to a quadric surface in P 3 . In the ordinary case E is smooth. In the non-ordinary case the quadric surface E has one singular point P ∈ E, i.e. the surface E is isomorphic to a quadric cone in Moreover, the restriction ψ| E : E → P 2 is a double cover. Let L be a sufficiently general fiber of the morphism ψ. Then L is a smooth curve of genus 2 and L · E = L · f * (H) = 2. Thus,
because H has no base components. Hence, mult Z (D) ≤ n. In particular, the ordinary case is impossible and it remains to eliminate the non-ordinary case. The inequalities mult Z (D) ≤ n and µ < 1 n , the equivalence
and Z ∈ CS(X, µD) imply the existence of a proper irreducible subvariety S ⊂ E such that S ∈ CS(V, µH + (µmult Z (D) − 1)E). In particular, S ∈ CS(V, µH).
Suppose that S is a curve. Then mult S (H) > n. Let L ω be a fiber of ψ passing through a general point ω ∈ S. Then L ω spans a divisor in V when we vary ω on C. Hence,
which contradicts the inequality mult Z (D) > n 2 . Therefore, S is a point on E. Then mult S (H) > n and mult S (H 2 ) > 4n 2 by Theorem 28, because S is smooth on V . It is easy to see that the point S is not a vertex P of the quadric cone E, because the numerical intersection of a general ruling of E with a general divisor in H is equal to mult Z (D) ≤ n. Let Γ be a fiber of the morphism ψ that passes which implies S · H = 1. Hence, τ (S) is a line in P 3 and τ | S is an isomorphism. Suppose that τ (S) ⊂ G. Then there is a smooth rational curveS ⊂ V such that S =S and τ (S) = τ (S). Take a sufficiently general surface D ∈ |τ * (O P 3 (1))| passing through the curve S. Then D is smooth outside of S ∩S. Moreover, the surface D is smooth in every point of S ∩S that is smooth on V , and D has an ordinary double point in every point of S ∩S that is an ordinary double point on V . On the other hand, at most 4 nodes of the hypersurface G ⊂ P 3 can lie on the line τ (S), i.e. |Sing(D)| ≤ 4. The sub-adjunction formula (see [46] , [50] 
